Abstract. Symmetry breaking in a system of laterally coupled chaotic class B lasers in a region of chaotic behaviour is investigated. Dynamical mechanisms that played a role in the purely symmetric model, are seen to persist under certain situations when symmetry is broken and certain types of synchronization may still be observed. In the physically realistic case where all symmetry of the system is broken, an instability in phase locking is discovered as a result of fluctuations in the laser amplitudes. These fluctuations were recently observed experimentally in a system of two coupled Nd:YAG lasers and an analysis of their effect on the system is undertaken.
Introduction
The idea of synchronization in a system of two or more notionally identical lasers is an area which has attracted much research during recent years [1] [2] [3] [4] [5] [6] [7] [8] . It has recently been demonstrated [9] that a pair of notionally identical, laterally coupled lasers with either a modulated loss or gain, may lose amplitude synchronization via a blowout bifurcation, where a transverse Lyapunov exponent governing the stability of a synchronized subspace passes through zero. However, such a synchronized subspace occurs, at best, approximately in a real laser system, where discrepancies within the laser crystal, the equipment, and the effects of detuning and noise cause symmetry-forced invariance within the system to be broken.
Understanding these types of synchronization and desynchronization is a matter that has important technological applications. Notably, it is important for designing high-power coherent lasers sources from arrays of low-power lasers, high-speed communication using synchronized optical systems and for secure communication using a masterslave-type set-up.
The model under consideration consists of two coupled single-mode Class B lasers as examined in [2] [3] [4] 10] . For purposes of the analysis only periodic forcing of the losses is considered. The modulation rate is assumed to be at a rate close to the natural relaxation oscillation frequency of the laser, which leads to chaotic dynamics [11, 12] .
In this paper the connection between symmetry in the system and the occurrence of chaotic synchronization is highlighted. In particular, emphasis is placed on the fact that amplitude synchronization is dependent on an interchange symmetry between the lasers and that phase synchronization is dependent on a symmetry involving the conjugation of the phases. We examine how small symmetry-breaking perturbations can have dramatic effects on the dynamics of the system and these results are contrasted with known experimental data.
First an examination of the effect of detuning one of the lasers from a common cavity mode is performed and we find that although phase synchronization within the system no longer exists, the two lasers may remain amplitude synchronized and phase locked. Subsequently the effect of perturbing the amplitude equations of the lasers is considered and states where the system is not amplitude synchronized but does remain phase synchronized are seen to become attracting. It is demonstrated that the mechanisms leading to desynchronization in [9] , which occured in a fully symmetric set-up, remain valid in certain cases where symmetry has been broken.
For the purposes of this paper the following definitions are used to describe amplitude synchronization, phase synchronization and phase locking, Definition 1 (amplitude synchronization). Let X 1 and X 2 be the amplitudes of two lasers A and B. A and B are said to be amplitude synchronized if 
Definition 2 (phase (anti)synchronization).

Equations of motion and numerical computation
In the coupled laser system we consider, the coupling arises from the interaction between the two lasers' overlapping electric fields, and is described by a normalized coupling coefficient κ, which provides a measure of the degree of overlap. [2] shows that the following equations are a suitable model for the complex electric field E and gain G of a pair of spatially coupled class B lasers:
In these equations, τ c is the cavity round trip time, τ f is the fluorescence time of the atomic transition of the Nd 3+ ion (estimated to be 240 µs for the 1064 nm transition), p 1 and p 2 are the pump coefficients, 1 and 2 are the cavity loss coefficients, and ω 1 and ω 2 (angular frequencies) are the detunings of the lasers from a common cavity mode. If we initially consider the special case of identical laser parameters, except in the case of modulation of their losses and redimensionalize time in units of the round trip time of light around the cavity, τ c , then we may redefine (1) by the following system of ordinary differential equations,
Here, X i represents the electric field amplitude, F i the gain of laser i = 1, 2 and the difference in phases between the electric fields of the two lasers φ 2 − φ 1 . A is now the rescaled pump parameter, while the parameter γ represents the ratio of the timescales of the electric field τ c and the spontaneous emission lifetime of the laser material τ f . represents a measure of the detuning of the two lasers. The lasers are modulated with a depth α 1 for the first laser and α 2 for the second. The coupling is also rescaled and labelled β. If the beams have Gaussian profile with 1/e 2 radii w 0 and are separated by a distance d then the coupling is proportional to the area of overlap between the two lasers, figure 1) .
The parameter γ is effectively a measure of stiffness of the system and in the numerical simulations, moderate values of γ ∼ 0.01, 0.001 were considered in order to ease the numerics. Certain class B laser media, i.e. Ti:Al 2 O 3 and the CO 2 lasers considered in [11] have values of γ closer to the regime considered than the Nd:YAG lasers considered in [3, 10] , where γ is of order of magnitude 10 −6 . However, considering longer resonators in the case of the Nd:YAG lasers would mean the value of γ was somewhat higher. So that the issue of synchronization might be considered, sum and difference variables of the intensities and gains are introduced,
, so as to facilitate the stability analysis of the various synchronized states. This produces the following transformed system of ordinary differential equations,
Symmetries
Assuming initially that there is no detuning, i.e. = 0 and that α 1 = α 2 , then the transformed system (4) is equivariant under the action of the following symmetries,
corresponding to interchanging the two lasers and another less obvious symmetry of the system, namely
as the only coupling is via cos( ) terms. This corresponds to interchanging the phases of the beams without interchanging their amplitudes. There is also a symmetry involving the parameter β; this adds π onto while reversing the sign of the parameter β, corresponding to both lasers being in phase for β < 0 and antiphased for β > 0. This parameter symmetry is used to Table 1 . The symmetry-forced invariant subspaces of the equations for two coupled lasers. The first column gives a symbol for the subgroup of symmetries that fix a typical point in this invariant subspace with coordinates given by the second column (X + , F + , X − , F − , are arbitrary values for these coordinates). The third column gives the dimension of this invariant subspace within the five-dimensional phase space.
Symmetry
Representative point Dim. Name
simplify the numerics; however it is not physically relevant since β 0 in practice.
Because is a periodic function, µ will fix the subspaces where = 0 or π and so there are in total five distinct dynamically invariant subspaces that are forced to exist purely by virtue of their symmetry. These are listed in table 1.
Symmetry breaking of the amplitude synchronization
The symmetry-forced subspaces listed in table 1 are not going to be invariant in a real system, due to imperfections in the system and the effects of additive noise. Consequently, the assumption of identical parameters for both lasers is somewhat unrealistic and thus we consider the effect of breaking some of the symmetries of the idealized system.
We consider first the effect of breaking the κ symmetry which may be achieved by changing slightly one of the laser parameters, for example the modulation of one of the losses in the system. In the first instance, we consider this in the absence of detuning. The breaking of this symmetry has the effect of destroying all subspaces where the laser amplitudes are synchronized, and as such has a similar effect on the system as would the addition of low levels of additive noise, which would necessarily be present in the real laser system. This does not destroy all of the invariant subspaces listed, and in fact the following remain invariant.
Symmetry Representative point Dim. Name
In the absence of detuning there exists an attractor within the phase-antisynchronized subspace because for almost any (X 1 , X 2 ) bounded away from zero we have
= βF sin with F positive and bounded below. Therefore → π as t → ∞ and any attractor must be contained within the phaseantisynchronized subspace.
For small perturbations from the purely symmetric case it is apparent that the two amplitudes remain approximately synchronized for large time, due to the continuity of the equations considered, with sporadic deviations from the synchronous state (figure 2). Intermittency such as this has become known as bubbling [13] and arises as a result of arbitrarily small levels of noise or perturbations. In contrast to [10] , where the amplitude instability was dependent on the detuning passing a critical value, these bubbling-type effects lead to an amplitude instability that is independent of detuning of the phase shift equations.
The behaviour of continuous systems subjected to large perturbations is somewhat less well understood. However, experimental results such as [3] have demonstrated good levels of synchronization between two coupled lasers and so it is reasonable to assume that the system is only subjected to small perturbations.
Detuning of the phase shift equation
Detuning one of the lasers from a common cavity mode by an amount , means that symmetries involving the phase difference no longer exist. Thus both the κ and µ symmetries are broken. However the composition of the two symmetries with each other,
is preserved and this means that the state we labelled amplitude synchronized in table 1 remains upon addition of detuning.
Symmetry Representative point Dim. Name . From the graph it is apparent that the former of these points is stable ∀ .
If we restrict ourselves to a trajectory within this amplitudesynchronized subspace and assume that both lasers have the same modulated loss α M then the dynamics of the system are governed by the following:
which defines an evolution on the phase space R 2 ×S 1 . Thus in the case where both laser amplitudes are synchronized, the phase dynamics are in fact independent of the amplitude dynamics. Consequently the issue of phase locking in this case is somewhat simpler than in general and may be addressed by considering the phase equation as a onedimensional dynamical system and using straightforward one-dimensional bifurcation theory to classify the dynamics:
For values of on S 1 , and and β > 0, we see that there exists two fixed points of (5) at
the former being a stable fixed point and the latter unstable, as illustrated in figure 3 . These dynamics form a simple example of a saddle-node bifurcation; there exists a critical value of (for fixed β) such that the two fixed points merge into one and then the single fixed point vanishes completely. From (5) it is apparent that this occurs when = 2β, as indicated in figure 4 . , have merged into one fixed point, which will vanish completely when is made larger still.
This regime indicates that for < 2β, the two lasers remain phase locked with their amplitudes synchronized. Somewhat surprisingly there also exists a state where the amplitudes are synchronized in the absence of phase locking. This occurs for values of > 2β where becomes monotone increasing and˙ = 0 for all . However, this state is not observed to be an attractor of the full system.
For the purposes of the analysis, a value of β = 0.0035 is considered, which is known from [9] to give rise to an attractor in the antisynchronized subspace under the assumption of no detuning. The introduction of a small detuning has the effect of perturbing the attractor from the antisynchronized subspace into the amplitude-synchronized subspace. Upon carrying out numerical simulations, the behaviour of a typical trajectory appeared to be as follows. For a fixed value of β, there exist two critical values of , c1 and c2 (dependent on β), such that for 0 < < c1 there is an attractor within the amplitude-synchronized subspace and for > c1 , the trajectory remains phase locked but otherwise unconstrained within the system. The second critical value of is c2 = 2β, which corresponds to destabilization of the laser system and the breaking of phase locking [10] .
Similar behaviour is observed in the case of a fixed detuning and variation of the coupling strength β. For β < β c the amplitudes of the two lasers appear unsynchronized, but for larger values of the coupling, β > β c , amplitude synchronization was observed. In this case destabilization occurs when β = /2. In both cases, these transitions at c1 and β c are suggestive of a blowout bifurcation [14] , as was the case in the fully symmetric system [9] .
A blowout bifurcation occurs when the largest Lyapunov exponent transverse to a synchronized subspace passes through zero. Thus to confirm the blowout scenario, we calculate the Lyapunov exponents of (2) using numerical integration of the variational equations. These are indicated in figures 5 and 6. . A scan through parameter space showing the variation of the three Lyapunov exponents with for an initial condition In this case β is kept fixed at 0.0035, so that initially the amplitude-synchronized subspace is attracting. There is a noticeable trend in the normal Lyapunov exponent, λ 1 from negative to positive as the detuning is increased, although the non-normality of and β causes the blowout to be considerably blurred. So we expect a large range of parameter values for which we observe on-off intermittency. Notice the trend towards destabilization of the system = 0.007, i.e. 2β, where there will be a pair of identical positive exponents, two identical negative exponents and one zero exponent.
To examine the type of bifurcation that has occurred, we consider again the behaviour of a typical trajectory. In the case of fixed and varying β, we see that for values of β significantly larger than β c , there is an attractor contained within the amplitude-synchronized subspace, which appears to be asymptotically stable. As the coupling strength is lowered closer to β c , a region of on-off intermittenttype behaviour [15] is observed. This is characterized by trajectories remaining close to the amplitude-synchronized subspace for large time and sporadic bursts away from synchrony. This may occur over a wide range of the coupling parameter β according to the parameter values under consideration. Immediately after the point of blowout there appears to be an attractor close to the amplitudesynchronized subspace. This scenario resembles that of a supercritical blowout bifurcation as described by Ott and Sommerer [14] .
The case of fixed β and varying is somewhat similar, although the intermittency is present over a much wider range of the detuning parameter . The apparent blurring of the blowout bifurcation is due in part to the non-normality of the parameters β and [16, 17] . This means that both parameters vary the dynamics tangentially within the subspace under consideration as well as the dynamics in a transverse direction from it.
Full symmetry breaking of the system
We finally consider the case with all symmetries of the system broken, which may occur by introducing detuning to the system with an amplitude instability. Due to continuity of the equations under consideration, the system may remain approximately amplitude synchronized and phase locked for small perturbations away from the symmetric case considered previously.
There will be no genuine fixed points of the˙ equation in the non-symmetric case, due to the dynamical equation no longer being simply defined on the circle, S 1 . However, effectively the equation governing the behaviour of the phase over long periods of time will bė = + 2β sin( ) (6) due to the approximate amplitude synchronization. The effect of bubbling is to cause sporadic but sometimes significant deviation from the X 1 = X 2 plane and consequently (6) behaves likė
2 ) sin( ) for short periods of time. This is in a manner similar to that of the on-off intermittent case. Consequently there exists a fundamental instability in the phase locking of the laser system due to the amplitude instability demonstrated in section 2.1. Experimentally this amplitude instability was examined recently by Thornburg et al [10] .
An example of this phase-locking instability is shown in figure 7 , and some of the troughs are quite pronounced, noting of course that time is in terms of the round trip of light in the laser cavity. No experimental measurements of relative phase locking were taken in [10] , so although this numerical study is related, a direct comparison cannot be made. This instability is unlikely to be significant in small laser arrays, but in larger systems the effect may be magnified and a thorough experimental investigation of this phenomenon should be undertaken.
Interestingly in the case where phase locking was broken, the phase grew unboundedly as time increased when the amplitudes of the detuned lasers were synchronized. However, numerically at least, the phase remained bounded in the situation where amplitude synchronization was broken, seemingly due to large amplitude fluctuations in the unstable regime shortly after phase locking was broken. ; the instability can be clearly seen with the irregular deviations from the straightline.
Conclusions
In conclusion, we examine the change of dynamics in a system of coupled chaotic class B lasers in a non-symmetric situation, relative to the symmetric case considered previously. It is shown that the loss of amplitude stability which could occur via a blowout bifurcation in the symmetric case, can also occur in the detuned system. The bifurcation therefore is independent of phase (anti)synchronization. The type of bifurcation was examined and, at least in the numerical situation, is believed to be supercritical.
It is also seen that for an attractor in the amplitudesynchronized state, the question of phase locking is independent of the chaotic dynamics of the two amplitudes. We further show that the strength of detuning required to observe desynchronization of the amplitudes via a blowout bifurcation increases with increased coupling. Interestingly, the desynchronized attractors remain effectively phase locked due to the properties of the periodic variable .
However, breaking the interchange symmetry of the two lasers has a greater effect on the system, leading to a bubbling effect in the dynamics of the amplitudes, and consequently bursts away from the synchronized state. It was seen that in the absence of detuning the attractor of the system remains within the phase-antisynchronized state for positive β and demonstrate that the effect of bubbling in the presence of detuning leads to a fundamental and more pronounced instability in phase locking of the two lasers.
This instability may have a profound effect on the energy levels that larger arrays of lasers can produce. An area of future research would be to examine the level of the phaselocking instability experimentally and this is currently being undertaken in the case of three lasers coupled in a linear array.
In the model at least, it is possible in some cases to control the level of the instability by lowering perturbations and it is hoped that these techniques can be used experimentally. Bubbling, however, may be triggered by arbitrarily small levels of noise and consequently perfect synchronization will never be seen experimentally.
For the purposes of the analysis only periodic forcing of the losses of the two lasers was considered in order to simplify the numerics. However, all of the results remain valid in the case of periodic forcing of the laser's pump excitation [12] . Past research has concentrated more on this type of modulation, for example [3, 10] , although recent research with three linearly coupled lasers has examined synchronization with a periodically forced loss and similar results were seen [18] .
Experimental work to examine the occurrence of this numerically predicted instability in phase locking of the lasers has recently started, considering both two and three linearly coupled laser systems. The experimental techniques involve heterodyning the laser beams and examining the beat frequencies over time using an RF spectrum analyser. The results of this work will be reported elsewhere.
